
 أداسج اىَشاسٝغ
 ٍْٖح مَٜ

 

البرمجت الخطيت في ادارة 
 المشاريع

 
 ألمفرجيوقاص سعذ خلف د .أ



 اعرخذاً اىثشٍدح اىخطٞح فٜ اٝداد اىَغاس اىحشج ىشثنح
 اىَششٗع

Maximize Z = 𝑇𝑁,𝑖
𝑛

𝑖=1
. 𝑌𝑖 

 :حٞس اُ 

 𝑇𝑁,𝑖  : اى٘قد اىطثٞؼٜ ىيْشاطi ٗٝنُ٘ ػادج اى٘قد 

 لأمَاه اىْشاط تاقو اىَ٘اسد

Yi : ٍرغٞش اىقشاس ى٘قد اىثذاٝح ىيْشاطi   

 داىح اىٖذف ٕزٓ ذخضغ اىٚ اىقٞ٘د اىراىٞح: 

i  𝑌𝑖ىلاّشطح اىرٜ ذذخو اىٚ اىؼقذج  -1
𝑛
𝑖=1  = 1                  

i  −𝑌𝑖ىلاّشطح اىرٜ ذخشج ٍِ اىؼقذج  -2
𝑛
𝑖=1  = −1              

 :iىلاّشطح اىرٜ ذذخو ٗ ذخشج ٍِ اىؼقذج  -3

 :ذَثو اىحفاظ ػيٚ اىرذفقػقذج، ْٕاك ػقثح ٗاحذج نو ى



 اخَاىٜ اىرذفق اىخاسج=اخَاىٜ اىرذفق اىذاخو

 

ػيٚ غٞاب أٗ ٗخ٘د ذذفق ه ذذ Yi = 0 or 1 ,فٜ ٕزٓ اىصٞغح**

 :ىزىل اىَؼادىح ذنُ٘.أخشٍِٙ ػقذج إىٚ حذج ٗ

 +𝑌 − 𝑌𝑖

𝑛

𝑖=1

= 0 

 :قٞ٘د ػذً اىغاىثٞح -4

 Yi ≥ 0ىدَٞغ ٍرغٞشاخ اىقشاس 

 



 ّداص اىَشغ٘ب تٔ لا٘قد اىاعرخذاً اىثشٍدح اىخطٞح فٜ اٝداد
 .اىَششٗع

 :ٗ ذرضَِ الاذٜ

 الأّشطحاى٘قد ىدَٞغ  ت٘حذجاىَشذثطح اىرؼدٞو ذنيفح:  

ىيحذ ٍِ اى٘قد لاعرنَاه اىْشاط، ٝرٌ ذطثٞق اىَضٝذ ٍِ 
 ٗذقصٞش ٍذج, الإضافٜاىَ٘اسد فٜ شنو أفشاد إضافِٞٞ ٗاىؼَو 

 . ذشذفغ اىرناىٞف ، ٗىنِاّداص اىْشاط

فٜ  اىْشاط نرَوٝأُ َٝنِ ٝرٌ ذطثٞق أقصٚ خٖذ ػْذٍا 
 . ٍَنِأقصش ٗقد 

ٍقذاس ذنيفح اىؼَو عررغٞش ارا ماّد ظٖش اىَٞو ذاذنيفح 
 .خأٗ ذثاطأاعشػد الأّشطح 



 ٍِؼشفح شثنح اىَششٗع ٍغ ٗقد مو ّشاط ٗ اىرٜ َٝن
 . CPMاٝدادٕا تإعي٘ب 

اىٚ أٛ ٍذٙ َٝنِ اُ ٝرٌ ضغظ اىْشاط. 

اىَرغٞشاخ ىٖزٓ اىَشنيح: 

Yi :  ٗقد ٗق٘ع اىحذزi ,حٞس , ٝرٌ قٞاعٔ ٍِ تذاٝح اىَششٗع
   i=(1,2,3,……,n)اُ 

   Xq :   ذقاط )ٍدَ٘ع اٗقاخ الاّشطح اىرٜ عٞرٌ ذؼدٞيٖا
   q=(1,2,3,….,n): حٞس اُ, (الاشٖش,الاعاتٞغ, تالاٝاً

     Uq: ميفح اىَٞو اٗ ميفح ذؼدٞو ٗحذج ٗاحذج ٍِ اىضٍِ ىنو
 .  qّشاط 



ُ٘داىح اىٖذف ذن: 

Minimize Z =  𝑈𝑞 .
𝐿

𝑞=1
𝑋𝑞  

ذخضغ اىٚ اىششٗط اىراىٞح: 

 :قٞ٘د اى٘قد اىَؼدو -1

    Xq    ≤ ٗقد اىضغظ اىَغَ٘ذ تٔ ىيْشاطq  

 :اىقٞ٘د اىرٜ ذنشف اىشثنح -2

  (Yi)     ≥( اى٘قد اىطثٞؼٜ ىيْشاط + ٗقد اىثذء ىيْشاط– 
 (اى٘قد اىَؼدو ىيْشاط

 :قٞ٘د امَاه اىَششٗع -3

  Ym   ≤ حٞس اىضغظ ، تؼذ ىيَششٗع اىْٖائٜ اىَ٘ػذm  ذشٞش
 اىَششٗعاىحذز الأخٞش ٍِ ٕزا إىٚ 

خَٞغ ٍرغٞشاخ اىقشاس ٝدة اُ ذنُ٘ امثش : قٞ٘د ػذً اىغاىثٞح -4
 .اٗ ذغاٗٛ اىصفش



 

1 

2 

A:2 

B:

3 

F:3 

6 

C:2 
4 

D:2 

5 

E:4 G:2 

7 

H:10 

8 

I:1

9 

P:7 

1

1 

K:2 

1

0 

DUM 

O:6 

N:3 

Q:4 

J:7 

M:2 

L:

1

2 
1

4 

R:6 

1

6 17 

13 

T:5 

V:
U:5 

S:7 

W:4 

1

8 

1

5 

0A      0A 

2A      2A 

5C     5C 

7C     7C 

25I    25I 

40I    40I 25O   

55O 

13G    13G 

15G    15G 

 

9E       9E 

13E    

7D     7D 

9D     9D 5F     10F 

8F      13F 

40P   57P 

47P   64P 

40K   

40K 

61S     61S 

68S     68S 

25N     52N 

28N     55N 

47T    

64T 

52V   69V 

56V    73V 68U    

68U 

42L     42L 

51L     51L 

73W   

73W 

25M     49M 

27M      

2B     

2B 

15H   

15H 

51Q      51Q 

55Q     
55R     55R 

61R     61R 

25J    35J 

32J   42J 

ES i       LSi 

EFi        LFi 

42DUM    

64DUM 



 ٚاىثشٍدح اىخطٞح فٜ اٝداد اعرخذاً ٍثاه ػي
 اىَششٗعاىَغاس اىحشج ىشثنح 

 

𝑀𝐴𝑋𝐼𝑀𝐼𝑍𝐸 𝑍 = 2A + 3B + 2C + 2D + 4E + 3F
+ 2G + 10H + 15 I + 7 J +  2M + 3N + 6O + 7P
+ 2K + 9L + 4Q + 6R + 0 DUM + 5T + 4V + 7S
+ 5U +     4W  



 Subject to:     

 

 

                                                                                                  

 

 

 

 

 

 

 

 

 

 

 

 

 

1) For activities that leaves node (i) 

     node 1                  −A = −1                   (5.8) 

2) For activities that entered and leaves node (i): 

   node 2                    A − B = 0        (5.9)      

node 3                B − C− F = 0                (5.10)                                                     

node 4                    C − D = 0                 (5.11)        

node 5                    D − E = 0                 (5.12)                                      

node 6                 F + E − G = 0                (5.13) 

node 7                     G − H = 0                (5.14)                         

node 8            H− I − J−M− N − O = 0               (5.15)               

node 9                    I − P− K = 0                (5.16)                            

node 10              J + K− L− DUM = 0               (5.17)                 

node 11                P + DUM − T = 0                (5.18)                              

node 12                  M + L− Q = 0                (5.19)                                    

node 13                     T − V = 0                (5.20)                  

node 14                 N + Q− R = 0                (5.21)                  

node 15                 O + R− S = 0                (5.22)             

node 16                   S− U = 0                (5.23)                                             

node 17             V + U−W = 0                (5.24)                 

3) For activities that entered node (i) 

node 18                    W = 1                 (5.25)   



 Nonnegative constraints.                

All the decision variable Yi ≤ 0      i.e.     

A, B,… ,W ≥  0  

 

 ٝرٌ اٝداد حو اىَشنيح ت٘اعطح تشّاٍحWIN 

Q.S.B ٜماىراى ٗ: 

 



 

No. of 

Variable 

Decision 

variable 

Solution 

value 

Unit cost or 

profit c(j) 

Total 

contribution 

Reduced 

cost 

Basis 

status 

Allowable 

min. c(j) 

Allowable 

max. c(j) 

1 A 1 2 2 0 basic –M M 

2 B 1 3 3 0 basic –M M 

3 C 1 2 2 0 basic –3  M 

4 D 1 2 2 0 basic –3 M 

5 E 1 4 4 0 basic –1 M 

6 F 0 3 0 –5 at bound –M 8 

7 G 1 2 2 0 basic –M M 

8 H 1 10 10 0 basic –M M 

9 I 1 15 15 0 basic 5 M 

10 J 0 7 0 –10 at bound –M 17 

11 M 0 2 0 –24 at bound –M 26 

12 N 0 3 0 –27 at bound –M 30 

13 O 0 6 0 –30 at bound –M 36 

14 P 0 7 0 –17 at bound –M 24 

15 K 1 2 2 0 basic –8 M 

16 L 1 9 9 0 basic –8 M 

17 Q 1 4 4 0 basic –13 M 

18 R 1 6 6 0 basic –11 M 

19    Adum 0 0 0 –22 at bound –M 22 

20 T 0 5 0 0 basic –M 22 

21 V 0 4 0 0 basic –M 21 

22 S 1 7 7 0 basic –10 M 

23 U 1 5 5 0 basic –12 M 

24 W 1 4 4 0 basic –M M 

Objective Function (Max.) = 77 



 ًاىثشٍدح اىخطٞح فٜ اٝداد ٗقد اّداص ٍثاه ػيٚ اعرخذا
 .فٜ اى٘قد اىَشغ٘ب تٔ    اىَششٗع

 عٞرٌ اػرَاد ّفظ اىَثاه اىغاتق 



Activities Tail event (starting event) Head event (ending event) 

  

A 1 2 

B 2 3 

C 3 4 

D 4 5 

E 5 6 

F 3 6 

G 6 7 

H 7 8 

I 8 9 

J 8 10 

M 8 12 

N 8 14 



O 8 15 

P 9 11 

K 9 10 

L 10 12 

Q 12 14 

R 14 15 

DUM 10 11 

T 11 13 

V 13 17 

S 15 16 

U 16 17 

W 17 18 

Activities Tail event (starting event) Head event (ending event) 

  



 Y10: Time when event 10 will 

occur. 

       Y11: Time when event 11 will 

occur. 

       Y12: Time when event 12 will 

occur. 

       Y13: Time when event 13 will 

occur. 

       Y14: Time when event 14 will 

occur. 

       Y15: Time when event 15 will 

occur. 

       Y16: Time when event 16 will 

occur. 

       Y17: Time when event 17 will 

occur. 

       Y18: Time when event 18 will 

occur 

Let, Y1: Time when event 1 will occur. 

       Y2: Time when event 2 will occur. 

       Y3: Time when event 3 will occur. 

       Y4: Time when event 4 will occur. 

       Y5: Time when event 5 will occur. 

       Y6: Time when event 6 will occur. 

       Y7: Time when event 7 will occur. 

       Y8: Time when event 8 will occur. 

       Y9: Time when event 9 will occur. 

 





ُ٘داىح اىٖذف ذن: 

 

𝑀𝐼𝑁𝐼𝑀𝐼𝑍𝐸 𝑍 = 10000XA+20000XB+10000XC+10000

XD+25000XE+30000XF+100000XG+40000XH+40000XI

+25000XJ+5000XK +40000XL+5000XM +10000XN 

+15000XO+40000XP +75000XQ+70000XS + 50000XT + 

35000XU + 35000XV + 25000XW +0XDUM  

 

 



ذخضغ اىٚ اىقٞ٘د اىراىٞح: 

 

 

1) Maximum reduction constraints  

XA  ≤ 1                    (5.27) 

            XB ≤ 2                                                                                                            (5.28) 

XC  ≤ 1                    (5.29)                                                                                     

XD  ≤ 1                    (5.30)                                                                                    

XE  ≤ 2                               (5.31)                                                                                     

XF  ≤ 1                    (5.32)                                                                                    

XG  ≤ 1                    (5.33)                                                                                    

XH  ≤  3                   (5.34)                                                                                   

XI  ≤ 5                    (5.35)                                                                                    

XJ  ≤ 2                    (5.36)                      

XK  ≤ 1                    (5.37)                                                                                   

XDUM  ≤ 0                   (5.38)                                                                                    

XL  ≤  3                   (5.39)                                                                                     

XM  ≤ 1                   (5.40)                                                                                    

XN  ≤ 1                               (5.41)                                                                                      

XO  ≤ 2                               (5.42)                                                                                   

XP  ≤ 3                    (5.43)                                                                                      

XQ  ≤ 2                    (5.44)                                                                                   

XS  ≤  2                   (5.45)                                                                                       

XT  ≤ 2                               (5.46)                                                                                     

XU  ≤ 2                    (5.47)                                                                                       

XV  ≤ 2                    (5.48)                                                                                      

XW ≤ 2    



2) Start time constraints: 

 
       Y1= 0                    (5.50)                                                                                                                            

Y1 +2 – XA ≤ Y2                  (5.51)                                                                                                       

            Y2 + 3 – XB ≤ Y3                                                                                            (5.52)                                                                    

Y3 +2– XC ≤ Y4                  (5.53) 

      Y4 +2 – XD ≤ Y5                                                                                             (5.54) 

       Y5 +4 – XE ≤ Y6                  (5.55) 

      Y3+3–XF ≤ Y6                   (5.56)                                                                                                                                                          

       Y6 +2 – X G ≤ Y7                  (5.57)                                                                                                                                             

       Y7 +10 – XH ≤ Y8                   (5.58)                                                                                              

       Y8 +15 – XI ≤ Y9                  (5.59)                                                                                                                                           

       Y8 + 7 – XJ ≤ Y10                  (5.60)                                                                                                                                          

Or, Y9 +2 – XK ≤ Y10                  (5.61)                                                                                                                                                     

        Y8 + 2 – XM ≤ Y12                  (5.62)                                                                

Or, Y10 +9 – XL ≤ Y12                  (5.63)                                                                                                                                               

Y8 + 3 – XN ≤ Y14                  (5.64)                                                                                                                                       

Or,       Y12 +4 – XQ ≤ Y14                  (5.65)                                                                                                                                                                       

Y         Y8 + 6 – XO ≤ Y15                  (5.66)                                                                                              

Or,       Y14 +6 – XR ≤ Y15                  (5.67)                                                                                                                

Y9 +7 – XP ≤ Y11                  (5.68)                                                                                               

Or,       Y10 +0 – XDUM ≤ Y1                  (5.69)                                                                                                                 

Y11 +5 – XT ≤ Y13                  (5.70)                                                                                             

Y15 +7 – XS ≤ Y16                  (5.71)                                                                                              

Y16+5 – XU ≤ Y17                  (5.72)                                                                                              

Or,       Y13 +4 – XV ≤ Y17                   (5.73)                                                                                                               

Y         Y17 +4 – XW ≤ Y18                  (5.74)  

or, 



3) Project completion desire time 

Y18 ≥ 50  

 

4) Nonnegative constraints.  

All the decision variables Yi ≤ 0 

 ٝرٌ اٝداد حو اىَشنيح ت٘اعطح تشّاٍحWIN 

Q.S.B ٜماىراى ٗ: 



No. of 

variable 

Decision 

variable 

Solution 

value 

Unit cost or 

profit c(j) 

Total 

contribution 

 

Reduced 

cost 

Basis 

status 

Allowable 

min. c(j) 

Allowable 

max. c(j) 

1 XA 1 10,000 10,000 0 basic –M 75,000 

2 XB 2 20,000 40,000 0 basic –M 75,000 

3 XC 1 10,000 10,000 0 basic –M 75,000 

4 XD 1 10,000 10,000 0 basic –M 75,000 

5 XE 2 25,000 50,000 0 basic –M 75,000 

6 XF 0 30,000 0 30,000 at bound 0 M 

7 XG 0 100,000 0 25,000 at bound 75,000 M 

8 XH 3 40,000 120,000 0 basic –M 75,000 

9 XI 5 40,000 200,000 0 basic –M 75,000 

10 XJ 0 25,000 0 25,000 at bound 0 M 

11 XK 1 5,000 5,000 0 basic –M 75,000 

12 XL 3 40,000 120,000 0 basic –M 75,000 

13 XM 0 5,000 0. 5,000 at bound 0 M 

14 XN 0 10,000 0 10,000 at bound 0 M 

15 XO 0 15,000 0.0 15,000 at bound 0 M 

16 XP 0 40,000 0.00 40,000 at bound 0 M 

17 XQ 1 75,000 75,000 0 basic 70,000 75,000 

18 XR 3 70,000 210,000 0 basic -M 75,000 

19 XS 0 75,000 0 0 at bound 75,000 M 

20 XT 0 50,000 0 50,000 at bound 0 M 

21 XU 2 35,000. 70,000 0 basic –M 75,000 

22 XV 0 35,000 0 35,000 at bound 0 M 

23 XW 2 25,000 50,000 0 basic –M 75,000 

24   XDUM 0 0 0 0 at bound 0 M 

25 Y1 0 0 0 0 basic –M M 

26 Y2 1 0 0 0 basic –65,000 M 

27 Y3 2 0 0 0 basic –55,000 M 

28 Y4 3 0 0 0 basic –55,000 M 

29 Y5 4 0 0 0 basic –55,000 M 

30 Y6 6 0 0 0 basic –50,000 M 

31 Y7 8 0 0 0 basic –50,000 25,000 

32 Y8 15 0 0 0 basic –35,000 25,000 

33 Y9 25 0 0 0 basic –35,000 25,000 

34 Y10 26 0 0 0 basic –35,000 25,000 

35 Y11 39 0 0 0 basic –35,000 0 

36 Y12 32 0 0 0 basic –35,000 25,000 

37 Y13 44 0 0 0 basic –35,000 0 



 الاٍثيح غٞش اىَحي٘ىح



Activities 

code 

Activity 

predecessor 

Normal 

time Tn 

Crash 

time Tc 

Normal 

cost Cn 

  

Crash cost 

Cc 

Max reduction in 

time 

  

Cost slope 

  

A1 --- 3 2 5,000 7,000 1 2,000 

A2 A1 4 2 4,000 5,000 2 500 

A3 A2 4 4 7,000 7,000 0 --- 

A4 A2 3 1 3,000 5,000 2 1,000 

A5 A2 5 2 6,000 10,500 3 1,500 

A6 A5 , A3 4 3 8,000 10,000 1 2,000 

A7 A4 3 1 4,000 5,500 2 750 

A8 A7 6 4 6,000 9,000 2 1,500 

A9 A6 7 4 5,000 8,000 3 1,000 

A10 A8,  A9 4 2 6,000 7,500 2 750 

A11 A3,  A5 9 7 3,000 4,000 2 500 

Total cost in normal and crash conditions $57,000 $78,500     

 1ٍثاه: 





اعرخذاً اىثشٍدح اىخطٞح فٜ اٝداد اىَغاس اىحشج: 

 Maximize Z= 

3𝐴1+4𝐴2+4𝐴3+3𝐴4+5𝐴5+4𝐴6+3𝐴7+6𝐴8+7𝐴9+4

𝐴10+9𝐴11 

S.to: 

1)For activities that leaves node (i): 

Node 1          -𝐴1= -1 

 



2) For activities that entered and leaves  node (i): 

Node 2                   𝐴1- 𝐴2=0 

Node 3                   𝐴2- 𝐴3- 𝐴4- 𝐴5=0 

Node 4                   𝐴4- 𝐴7=0 

Node 5                   𝐴3- 𝐴𝐷𝑢𝑚=0 

Node 6                   𝐴𝐷𝑢𝑚+ 𝐴5- 𝐴6- 𝐴11=0 

Node 7                   𝐴6- 𝐴7=0 

Node 8                   𝐴7- 𝐴8=0 

Node 9                   𝐴8+ 𝐴9- 𝐴10=0 

3) For activities that entered node (i): 

Node 10                  𝐴10 + 𝐴11=1 

4) Nonnegative constraints.                

All the decision variable Yi ≤ 0      i.e 

𝐴1, 𝐴2,………, 𝐴11 ≥ 0 



 ًاىَششٗعاىثشٍدح اىخطٞح فٜ اٝداد ٗقد اّداص اعرخذا 
 .اى٘قد اىَشغ٘ب تٔفٜ 

 Normal time Tn Max reduction in time End Event Start Event Activities  

3 1 2 1 𝐴1 

4 2 3 2 𝐴2 

4 0 5 3 𝐴3 

3 2 4 3 𝐴4 

5 3 6 3 𝐴5 

0 0 6 5 𝐴𝐷𝑢𝑚 

4 1 7 6 𝐴6 

3 2 8 4 𝐴7 

6 2 9 8 𝐴8 

7 3 9 7 𝐴9 

4 2 10 9 𝐴10 

9 2 10 6 𝐴11 



𝑿𝑫𝒖𝒎: Number of weeks activity 𝑨𝑫𝒖𝒎 will be 

crashed. 

𝑿𝟏: Number of weeks activity 𝑨𝟏 will be crashed. 

𝑿𝟐: Number of weeks activity 𝑨𝟐 will be crashed. 

𝑿𝟑: Number of weeks activity 𝑨𝟑 will be crashed. 

𝑿𝟒: Number of weeks activity 𝑨𝟒 will be crashed. 

𝑿𝟓: Number of weeks activity 𝑨𝟓 will be crashed. 

𝑿𝟔: Number of weeks activity 𝑨𝟔 will be crashed. 

𝑿𝟕: Number of weeks activity 𝑨𝟕 will be crashed. 

𝑿𝟖: Number of weeks activity 𝑨𝟖 will be crashed. 

𝑿𝟗: Number of weeks activity 𝑨𝟗 will be crashed. 

𝑿𝟏𝟎: Number of weeks activity 𝑨𝟏𝟎 will be crashed. 

𝑿𝟏𝟏: Number of weeks activity 𝑨𝟏𝟏 will be crashed. 

Let,  

Y1:  Time when event 1 will occur. 

Y2: Time when event 2 will occur. 

Y3: Time when event 3 will occur. 

Y4: Time when event 4 will occur.  

Y5: Time when event 5 will occur. 

Y6: Time when event 6 will occur. 

Y7:Time when event 7 will occur. 

Y8:Time when event 8 will occur. 

Y9: Time when event 9 will occur. 

Y10: Time when event 10 will 

occur. 



 Objective function: 

Minimize Z=2000𝐴1+500 𝐴2+0 𝐴3+1000 𝐴4+1500 

𝐴5+2000 𝐴6+750 𝐴7+1500 𝐴8+1000 𝐴9+750 𝐴10+500 

𝐴11+0 𝐴𝐷𝑢𝑚  

 S.To: 

1) Maximum reduction constraints 

𝑋1 ≤ 1                              𝑋7 ≤ 2 

𝑋2 ≤ 2                              𝑋8 ≤ 2 

𝑋3 ≤ 0                             𝑋9 ≤ 3 

𝑋4 ≤ 2                             𝑋10 ≤ 2 

𝑋5 ≤ 3                             𝑋11 ≤ 2 

𝑋𝐷𝑢𝑚 ≤ 0  

𝑋6 ≤1 

 



2) Start time constraints: 

𝑌1=0 

𝑌1+3- 𝑋1 ≤ 𝑌2 

𝑌2+4- 𝑋2 ≤ 𝑌3 

𝑌3+3- 𝑋4 ≤ 𝑌4 

𝑌3+5- 𝑋3 ≤ 𝑌5 

𝑌5+0- 𝑋𝐷𝑢𝑚 ≤ 𝑌6 

𝑌3+5- 𝑋5 ≤ 𝑌6 

𝑌6+4- 𝑋6 ≤ 𝑌7 

𝑌4+3- 𝑋7 ≤ 𝑌8 

𝑌8+6- 𝑋8 ≤ 𝑌9 

𝑌7+7- 𝑋9 ≤ 𝑌9 

𝑌9+4- 𝑋10 ≤ 𝑌10 

𝑌6+9- 𝑋11 ≤ 𝑌10 

 



 

3) Project completion desire time 

Y11 ≥ 15 

 

4) Nonnegative constraints.  

All the decision variables Yi ≤ 0 



 2ٍثاه: 

 
Activity code Activity predecessor Normal time Tn Crash time Tc Normal cost Cn Crash cost Cc Max reduction in time 

  

Cost slope 

A1 --- 10 8 20,000  28,000  2 4,000 

A2 --- 3 2 8,000  10,000  1 2,000 

A3 A1 5 3 10,000  15,000  2 2,500 

A4 A3 5 3 8,500  12,000  2 1,750 

A5 A2 4 3 4,000  5,000  1 1,000 

A6 A5 10 8 14,000  19,000  2 2,500 

A7 A4 10 8 14,000  16,000  2 1,000 

A8 A7 5 3 5,000  6,000  2 500 

A9 A7 5 3 9,000  11,000  2 1,000 

A10 A6 3 3 2,500  2,500  0 0 

A11 A7 3 3 2,500  2,500  0 0 

A12 A10 5 4 13,000  15,000  1 2,000 

A13 A11 5 3 12,000  15,000  2 1,500 

A14 A13 5 3 10,000  12,000  2 1,000 

A15 A12 5 2 8,000  14,000  3 2,000 

A16 A8,A9,A14 10 7 15,000  18,000  3 1,000 

A17 A15 10 6 13,000  19,000  4 1,500 

A18 A16,A17 10 7 18,000  26,000  3 2,666.66 

Total cost in normal and crash conditions $186,500 $246,000   
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اعرخذاً اىثشٍدح اىخطٞح فٜ اٝداد اىَغاس اىحشج: 

 Maximize Z= 10𝐴1+3 𝐴2+5 𝐴3 +5 𝐴4+4 𝐴5+10 

𝐴6+10 𝐴7+5 𝐴8+5 𝐴9+3 𝐴10+3 𝐴11+5 𝐴12+5 𝐴13+5 

𝐴14+5 𝐴15+10 𝐴16+10 𝐴17+10 𝐴18 

 S.to: 

1)For activities that leaves node (i): 

Node 1          -𝐴1-𝐴2= -1 

 

 



2) For activities that entered and leaves  node (i): 

Node 2                   𝐴1- 𝐴3=0 

Node 3                   𝐴2- 𝐴5=0 

Node 4                   𝐴3- 𝐴4=0 

Node 5                   𝐴5- 𝐴6=0 

Node 6                   𝐴4-𝐴7=0 

Node 7                   𝐴6-𝐴10=0 

Node 8                   𝐴7- 𝐴8-𝐴9-𝐴11=0 

Node 9                   𝐴10-𝐴12=0 

Node 10             𝐴8-𝐴𝐷𝑢𝑚=0 

Node 11             𝐴11-𝐴13=0 

Node 12             𝐴12-𝐴15=0 

Node 13             𝐴13-𝐴14=0 

Node 14             𝐴15-𝐴17=0 

Node 15            𝐴9+𝐴𝐷𝑢𝑚+𝐴14-𝐴16=0 

Node 16            𝐴16+𝐴17-𝐴18=0 



3) For activities that entered node (i): 

Node 17                 𝐴18=1 

 

4) Nonnegative constraints.                

All the decision variable Yi ≤ 0      i.e 

𝐴1, 𝐴2,………, 𝐴18 ≥ 0 

 



Normal time Tn Max reduction in time End Event Start Event Activities  

10 2 2 1 𝐴1 

3 1 3 1 𝐴2 

5 2 4 2 𝐴3 

5 2 6 4 𝐴4 

4 1 5 3 𝐴5 

10 2 7 5 𝐴6 

10 2 8 6 𝐴7 

5 2 10 8 𝐴8 

5 2 15 8 𝐴9 

oاعرخذاً اىثشٍدح اىخطٞح فٜ اٝداد ٗقد اّداص اىَششٗع 
 .فٜ اى٘قد اىَشغ٘ب تٔ



Normal time Tn 

 

Max reduction in 

time 
End Event Start 

Event 
Activities  

3 0 9 7 𝐴10 

3 0 11 8 𝐴11 

5 1 12 9 𝐴12 

5 2 13 11 𝐴13 

5 2 15 13 𝐴14 

0 0 15 10 𝐴𝐷𝑢𝑚 

5 3 14 12 𝐴15 

10 3 16 15 𝐴16 

10 4 16 14 𝐴17 

10 3 17 16 𝐴18 



Let, Y1: Time when event 1 will occur. 

       Y2: Time when event 2 will occur. 

       Y3: Time when event 3 will occur. 

       Y4: Time when event 4 will occur. 

       Y5: Time when event 5 will occur. 

       Y6: Time when event 6 will occur. 

       Y7: Time when event 7 will occur. 

       Y8: Time when event 8 will occur. 

       Y9: Time when event 9 will occur. 

       Y10: Time when event 10 will occur. 

       Y11: Time when event 11 will occur. 

       Y12: Time when event 12 will occur. 

       Y13: Time when event 13 will occur. 

       Y14: Time when event 14 will occur. 

       Y15: Time when event 15 will occur. 

       Y16: Time when event 16 will occur. 

       Y17: Time when event 17 will occur. 



 Let, 𝑿𝑫𝒖𝒎: Number of weeks activity 𝑨𝑫𝒖𝒎 will be crashed. 

𝑿𝟏: Number of weeks activity 𝑨𝟏 will be crashed. 

𝑿𝟐: Number of weeks activity 𝑨𝟐 will be crashed. 

𝑿𝟑: Number of weeks activity 𝑨𝟑 will be crashed. 

𝑿𝟒: Number of weeks activity 𝑨𝟒 will be crashed. 

𝑿𝟓: Number of weeks activity 𝑨𝟓 will be crashed. 

𝑿𝟔: Number of weeks activity 𝑨𝟔 will be crashed. 

𝑿𝟕: Number of weeks activity 𝑨𝟕 will be crashed.  

𝑿𝟖: Number of weeks activity 𝑨𝟖 will be crashed. 

𝑿𝟗: Number of weeks activity 𝑨𝟗 will be crashed. 

𝑿𝟏𝟎: Number of weeks activity 𝑨𝟏𝟎 will be crashed. 

𝑿𝟏𝟏: Number of weeks activity 𝑨𝟏𝟏 will be crashed. 

𝑿𝟏𝟐: Number of weeks activity 𝑨𝟏𝟐 will be crashed. 

 

 



𝑿𝟏𝟑: Number of weeks activity 𝑨𝟏𝟑 will be crashed. 

𝑿𝟏𝟒: Number of weeks activity 𝑨𝟏𝟒 will be crashed. 

𝑿𝟏𝟓: Number of weeks activity 𝑨𝟏𝟓 will be crashed. 

𝑿𝟏𝟔: Number of weeks activity 𝑨𝟏𝟔 will be crashed. 

𝑿𝟏𝟕: Number of weeks activity 𝑨𝟏𝟕 will be crashed. 

𝑿𝟏𝟖: Number of weeks activity 𝑨𝟏𝟖 will be crashed. 

 

 



 Minimize Z=4000𝐴1+2000 𝐴2+2500 𝐴3+1750 𝐴4+1000 

𝐴5+2500 𝐴6+1000 𝐴7+500 𝐴8+1000 𝐴9+0 𝐴10+0 

𝐴11+2000 𝐴12+1500 𝐴13+1000 𝐴14+2000 𝐴15+1000 

𝐴16+1500 𝐴17+2666.66 𝐴18+0 𝐴𝐷𝑢𝑚 

 S.to: 

1) Maximum reduction constraints  

𝑋1 ≤ 2 

𝑋2 ≤ 1 

𝑋3 ≤ 2 

𝑋4 ≤ 2 

𝑋5 ≤ 1 

𝑋6 ≤ 2 

𝑋7 ≤ 2 

 



𝑋8 ≤2 

𝑋9 ≤ 2 

𝑋10 ≤0 

𝑋11 ≤0 

𝑋12 ≤1 

𝑋13 ≤2 

𝑋14 ≤2 

𝑋𝐷𝑢𝑚 ≤0 

𝑋15 ≤3 

𝑋16 ≤3 

𝑋17 ≤4 

𝑋18 ≤3 



2) Start time constraints: 
𝑌1=0 
𝑌1+10 -𝑋1 ≤ 𝑌2 
𝑌1+3 -𝑋2 ≤ 𝑌3 
𝑌2+5 -𝑋3 ≤ 𝑌4 
𝑌3+4 -𝑋5 ≤ 𝑌5 
𝑌4+5 -𝑋4 ≤ 𝑌6 
𝑌5+1 -𝑋6 ≤ 𝑌7 
𝑌6+1 -𝑋7 ≤ 𝑌8 
𝑌7+3 -𝑋10 ≤ 𝑌9 
𝑌8+5 -𝑋8 ≤ 𝑌10 
𝑌8+3 -𝑋11 ≤ 𝑌11 
𝑌9+5 -𝑋12 ≤ 𝑌12 
𝑌11+5 -𝑋13 ≤ 𝑌13 
𝑌12+5 -𝑋15 ≤ 𝑌14 
𝑌8+5  -𝑋9 ≤ 𝑌15 
𝑌10+0 -𝑋𝐷𝑢𝑚 ≤ 𝑌15 
𝑌13+5 -𝑋14 ≤ 𝑌15 
𝑌15+1 -𝑋16 ≤ 𝑌16 
𝑌14+1 -𝑋17 ≤ 𝑌16 
𝑌16+1 -𝑋18 ≤ 𝑌17 



 

3) Project completion desire time 

Y17 ≥55 

 

 

4) Nonnegative constraints.  

All the decision variables Yi ≤ 0 



 3ٍثاه: 

 
Activity code Activity predecessor Normal time Tn Crash time Tc Normal cost Cn Crash cost Cc Max reduction in time 

  

Cost slope 

A1 --- 3 2 2,500  3,500  1 1,000 

A2 A1 2 1 4,000  6,000  1 2,000 

A3 A2 2 1 6,000  9,000  1 3,000 

A4 A3 15 10 25,000  35,000  5 2,000 

A5 A3 4 2 3,000  5,000  2 1,000 

A6 A3 10 6 40,000  60,000  4 5,000 

A7 A3 1 1 5,000  5,000  0 0 

A8 A3 6 3 7,500  14,000  3 2,166.66 

A9 A4 2 2 5,000  5,000  0 0 

A10 A5 10 7 8,000  10,000  3 666.66 

A11 A6 5 5 6,000  6,000  0 0 

A12 A7 5 3 4,000  5,000  2 500 

A13 A9 8 6 12,000  14,000  2 1,000 

A14 A10 10 6 10,000  16,000  4 1,500 

A15 A11,A12 3 3 6,500  6,500  0 0 

A16 A8,A15 5 4 7,000  8,000  1 1,000 

A17 A13,A14 2 1 4,000  5,000  1 1,000 

A18 A16,A17 1 1 3,000  3,000  0 0 

Total cost in normal and crash conditions $158,500 $216,000   
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اعرخذاً اىثشٍدح اىخطٞح فٜ اٝداد اىَغاس اىحشج: 

 Maximize Z= 3 𝐴1+2 𝐴2+2 𝐴3+15 𝐴4+4 𝐴5+10 

𝐴6+1 𝐴7+6 𝐴8+2 𝐴9+10 𝐴10 +5 𝐴11+5 𝐴12+8 

𝐴13+10 𝐴14+3 𝐴15+5 𝐴16+2 𝐴17+1 𝐴18+0 𝐴𝐷𝑢𝑚 

 

 S.to: 

1)For activities that leaves node (i): 

Node 1          -𝐴1= -1 

 



2) For activities that entered and leaves  node (i): 

Node 2                   𝐴1- 𝐴2=0 

Node 3                   𝐴2- 𝐴3=0 

Node 4                   𝐴3- 𝐴4-𝐴5-𝐴6-𝐴7-𝐴8=0 

Node 5                   𝐴4-𝐴9=0 

Node 6                   𝐴9-𝐴13=0 

Node 7                   𝐴5-𝐴10=0 

Node 8                   𝐴10-𝐴14=0 

Node 9                   𝐴13+𝐴14-𝐴17=0 

Node 10             𝐴6-𝐴11=0 

Node 11             𝐴7-𝐴12=0 

Node 12             𝐴11+𝐴12-𝐴15=0 

Node 13             𝐴8+𝐴15-𝐴16=0 

Node 14             𝐴16+𝐴17-𝐴18=0 



3) For activities that entered node (i): 

Node 15                 𝐴18=1 

 

4) Nonnegative constraints.                

All the decision variable Yi ≤ 0      i.e 

𝐴1, 𝐴2,………, 𝐴18 ≥ 0 

 



  اعرخذاً اىثشٍدح اىخطٞح فٜ اٝداد ٗقد اّداص اىَششٗع
.فٜ اى٘قد اىَشغ٘ب تٔ  

 

 
Normal time 

Tn 
 

Max 
reduction in 

time 

End Event Start Event Activities  

3 1 2 1 𝐴1 

2 1 3 2 𝐴2 

2 1 4 3 𝐴3 

15 5 5 4 𝐴4 

4 2 7 4 𝐴5 

10 4 10 4 𝐴6 

1 0 11 4 𝐴7 

6 3 13 4 𝐴8 

2 0 6 5 𝐴9 



Normal time Tn 
 

Max reduction 
in time 

End Event Start Event Activities  

10 3 8 7 𝐴10 

5 0 12 10 𝐴11 

5 2 12 11 𝐴12 

8 2 9 6 𝐴13 

10 4 9 8 𝐴14 

3 0 13 12 𝐴15 

5 1 14 13 𝐴16 

2 1 14 9 𝐴17 

1 0 15 14 𝐴18 



Let, Y1: Time when event 1 will occur. 

       Y2: Time when event 2 will occur. 

       Y3: Time when event 3 will occur. 

       Y4: Time when event 4 will occur. 

       Y5: Time when event 5 will occur. 

       Y6: Time when event 6 will occur. 

       Y7: Time when event 7 will occur. 

       Y8: Time when event 8 will occur. 

       Y9: Time when event 9 will occur. 

       Y10: Time when event 10 will occur. 

       Y11: Time when event 11 will occur. 

       Y12: Time when event 12 will occur. 

       Y13: Time when event 13 will occur. 

       Y14: Time when event 14 will occur. 

       Y15: Time when event 15 will occur. 

       Y16: Time when event 16 will occur. 

       Y17: Time when event 17 will occur. 



 Let, 𝑿𝟏: Number of weeks activity 𝑨𝟏 will be crashed. 

𝑿𝟐: Number of weeks activity 𝑨𝟐 will be crashed. 

𝑿𝟑: Number of weeks activity 𝑨𝟑 will be crashed. 

𝑿𝟒: Number of weeks activity 𝑨𝟒 will be crashed. 

𝑿𝟓: Number of weeks activity 𝑨𝟓 will be crashed. 

𝑿𝟔: Number of weeks activity 𝑨𝟔 will be crashed. 

𝑿𝟕: Number of weeks activity 𝑨𝟕 will be crashed.  

𝑿𝟖: Number of weeks activity 𝑨𝟖 will be crashed. 

𝑿𝟗: Number of weeks activity 𝑨𝟗 will be crashed. 

𝑿𝟏𝟎: Number of weeks activity 𝑨𝟏𝟎 will be crashed. 

𝑿𝟏𝟏: Number of weeks activity 𝑨𝟏𝟏 will be crashed. 

𝑿𝟏𝟐: Number of weeks activity 𝑨𝟏𝟐 will be crashed. 

 



𝑿𝟏𝟑: Number of weeks activity 𝑨𝟏𝟑 will be crashed. 

𝑿𝟏𝟒: Number of weeks activity 𝑨𝟏𝟒 will be crashed. 

𝑿𝟏𝟓: Number of weeks activity 𝑨𝟏𝟓 will be crashed. 

𝑿𝟏𝟔: Number of weeks activity 𝑨𝟏𝟔 will be crashed. 

𝑿𝟏𝟕: Number of weeks activity 𝑨𝟏𝟕 will be crashed. 

𝑿𝟏𝟖: Number of weeks activity 𝑨𝟏𝟖 will be crashed 



 Minimize Z= 1000 𝐴1+2000 𝐴2+3000 𝐴3+2000 

𝐴4+1000 𝐴5 +5000 𝐴6+0 𝐴7+2166.66 𝐴8+0 

𝐴9+666.66 𝐴10+0 𝐴11+500 𝐴12+1000 𝐴13+1500 𝐴14+0 

𝐴15+1000 𝐴16+1000 𝐴17+0 𝐴18 

 S.To: 

1) Maximum reduction constraints  

𝑋1 ≤ 1 

𝑋2 ≤ 1 

𝑋3 ≤ 1 

𝑋4 ≤ 5 

𝑋5 ≤ 2 

𝑋6 ≤ 4 

𝑋7 ≤ 0 

 



𝑋8 ≤ 3 

𝑋9 ≤ 0 

𝑋10 ≤ 3 

𝑋11 ≤ 0 

𝑋12 ≤ 2 

𝑋13 ≤ 2 

𝑋14 ≤ 4 

𝑋15 ≤ 0 

𝑋16 ≤ 1 

𝑋17 ≤ 1 

𝑋18 ≤ 0 

 



2) Start time constraints: 

𝑌1=0 

𝑌1+3-𝑋1 ≤ 𝑌2 
𝑌2+2- 𝑋2 ≤ 𝑌3 
𝑌3+2- 𝑋3 ≤ 𝑌4 
𝑌4+1- 𝑋4 ≤ 𝑌5 
𝑌5+2- 𝑋9 ≤ 𝑌6 
𝑌4+4- 𝑋5 ≤ 𝑌7 
𝑌7+1- 𝑋10 ≤ 𝑌8 
𝑌6+8- 𝑋13 ≤ 𝑌9 
𝑌4+1- 𝑋6 ≤ 𝑌10 
𝑌4+1- 𝑋7 ≤ 𝑌11 
𝑌10+5- 𝑋11 ≤ 𝑌12 
𝑌11+5- 𝑋12 ≤ 𝑌12 
𝑌4+6- 𝑋8 ≤ 𝑌13 
𝑌12+8- 𝑋13 ≤ 𝑌13 
𝑌9+2- 𝑋17 ≤ 𝑌14 
𝑌13+5- 𝑋16 ≤ 𝑌14 
𝑌14+1- 𝑋18 ≤ 𝑌15 
 



 

3) Project completion desire time 

Y15 ≥ 24 

 

 

4) Nonnegative constraints.  

All the decision variables Yi ≤ 0 



Thank  you 


